Abstract. We propose a new moonshine phenomenon associated with the elliptic genus of the Enriques surface (
1
2 of the elliptic genus of K3) with the symmetry group given by the Mathieu group M 12 .
Mathieu moonshine
Recently a new moonshine phenomenon associated with the elliptic genus of K3 surface has been discovered and is receiving some attentions. It was first observed in [8] that when one expands the elliptic genus of K3 in terms of irreducible characters of N = 4 superconformal algebra (SCA) the expansion coefficients A(n) at lower values of n are decomposed into a sum of dimensions of irreducible representations (irreps.) of the Mathieu group M 24 . Subsequently the twisted elliptic genera of K3 surface for each conjugacy class g of M 24 (analogues of McKay-Thompson series of monstrous moonshine) have been constructed and used to determine systematically the decomposition of expansion coefficients up to very high values of n (∼ 1000) [1, 5, 9, 10] . Finally a mathematical proof has been given to show that expansion coefficients are in fact decomposed into a sum of dimensions of irreps. of M 24 with positive and integral multiplicities for all values of n [11] . Thus the "Mathieu moonshine" phenomenon has now been established although its physical or mathematical origin is not yet explained.
We present the character table and list of conjugacy classes of M 24 in Tables 1 and 2 . We also present the data of the decomposition of expansion coefficients A(n) of elliptic genus of K3 Z K3 (z; τ ) = 24 ch R h= 1 4 ,ℓ=0 (z; τ ) + ∞ n=0 A(n) ch R h=n+ 1 4 ,ℓ= 1 2 (z; τ ) (1.1) into irreps. of M 24 in Table 3 . Note that here Z K3 denotes the elliptic genus of K3 and ch R h= 1 4 ,ℓ and ch R h=n+ 1 4 ,ℓ are massless (BPS) and massive (non-BPS) characters (with h = n + 1 4 and spin-ℓ) of N = 4 SCA in R-sector with (−1)
F insertion. For later use we also record the data of expansion coefficients A g (n) of twisted elliptic genera Z K3 g (z; τ ) of K3 for each conjugacy class g ∈ M 24 Z K3 g (z; τ ) = χ g ch R h= 1 4 ,ℓ=0 (z; τ ) + ∞ n=0 A g (n) ch R h=n+ 1 4 ,ℓ= 1 2 (z; τ ), (1.2) in Table 4 . Note that A(n) ≡ A 1A (n).
Recently there has been an attempt at generalizing Mathieu moonshine [2] based on suitable Jacobi forms with higher values of indices > 1 and again expanding them in terms of N = 4 superconformal characters using the data of [4] . This "umbral moonshine" sequence has smaller symmetry groups than M 24 . Unfortunately, its Jacobi forms do not correspond to elliptic genera of any complex manifolds and the connection to geometry is not clear in umbral moonshine. In [6] we have discussed a still another example of moonshine based on N = 2 SCA instead of N = 4.
Enriques moonshine
In this paper we want to propose a new example of moonshine phenomenon which may be called as "Enriques moonshine". It is defined by the elliptic genus of Enriques surface expanded in terms of N = 4 characters. Its symmetry group is M 12 . Recall that Enriques surface is closely related to K3: it is obtained by quotienting K3 by a fix-point free involution and has an Euler number 12. Its elliptic genus is one half of that of K3
Enriques moonshine is motivated by the following simple considerations.
1. It is known that in the case of Mathieu moonshine the expansion coefficients A(n) are always even for any n ≥ 1: this is because (i) when the decomposition of A(n) contains a complex representation of M 24 , it also contains its complex conjugate representation, and (ii) when A(n) contains a real representation its multiplicity is always even [11] . 2. Thus in order to keep integrality of the decomposition when we divide by 2 the K3 elliptic genus we just need to find a subgroup G of M 24 where all the complex representations of M 24 become real representations of G. It turns out that this is the case of M 12 . 3. Geometrical considerations on Enriques surface suggests the relevance of the symmetry group M 12 [12] .
Let us first derive the decomposition of M 24 representations (reps.) into those of M 12 in order to examine the reality of representations. For this purpose we want to make a correspondence between the conjugacy classes of the two groups. In Table 5 we list the conjugacy classes of M 12 and their permutation representations. We recall that Mathieu group M 24 is the symmetry group of Golay code and permutes dodecads into each other. M 12 is the subgroup of M 24 which fixes a dodecad [3] . Conjugacy class of 2A of M 12 , for instance, has a cycle shape 2 6 and it is natural that this corresponds to the conjugacy class 2B of M 24 with a cycle shape 2 12 . Thus in general a class g of M 12 should correspond to a class g ′ of M 24 whose cycle shape is the square of that of g. There are exceptions to this rule when there exists a non-trivial outer automorphism between conjugacy classes of M 12 . From the Table 5 we note that the sizes of conjugacy classes are equal for the pair 4A, 4B and 8A, 8B and 11A, 11B. It is known [3] that these pairs are tied by a non-trivial outer automorphism σ. If one takes a class g of M 12 the corresponding class of M 24 should become g ∪ σ(g). In the case of g = 4A, σ(4A) = 4B, for instance, the cycle shape of g ∪ σ(g) equals 4 
Let us now determine the branching rule of the irreps. of M 24 into those of M 12 . We consider the following "inner product" of character tables of M 24 and M 12 to derive the multiplicity of a representation r of M 12 contained in the representation R of M 24
Here t(g) = g ′ of (2.2), and χ(M 12 ) −1 is the inverse of the character table of M 12 in the sense of a matrix. Using the character tables of M 24 , M 12 in Tables 1, 6 , we find the above multiplicities as given by Table 7 . Note that as we mentioned already, decomposition of complex representations of M 24 contain only real representations of M 12 or the sum of pairs of complex conjugate representations of M 12 .
Therefore if we substitute M 24 reps. by their M 12 decompositions in the Mathieu moonshine of Table 3 , and divide by an overall factor 2, we maintain the integrality of multiplicities of M 12 representations. One obtains the decomposition of the elliptic genus of Enriques surface given in terms of M 12 reps. See Table 8 .
There is in fact a more elegant way to derive the decomposition of Enriques elliptic genus. This is to use the method of twisted elliptic genus. We have at hand the twisted genera for all conjugacy classes in Mathieu moonshine (tabulated in [5] ) and we can use these results. We introduce an ansatz that twisted elliptic genera for Enriques moonshine are one half of those of Mathieu moonshine of the corresponding conjugacy classes
Then by introducing the expansion coefficients A
where
we obtain the multiplicity for the M 12 representation r at level n
Here |G| denotes the order of M 12 (=95040) and n g is the size of M 12 conjugacy class g.
By using the orthogonality relation of the character table it is possible to prove that the above formula in fact reproduces the data of Table 8 . First we recall that the multiplicity of representation R in Mathieu moonshine is given by
Here g ′ runs over conjugacy classes of M 24 , and |G ′ | is the order of M 24 . We covert M 24 representations into M 12 representations and divide by 2 to obtain multiplicities in Enriques moonshine c Enriques r
Discussions
In this article we have taken one half of the elliptic genus of K3 and obtained the Enriques moonshine. Consistency of the Enriques surface as a string theory background is a delicate issue since its canonical class does not quite vanish while it carries a Ricci flat Kähler metric. We do not consider such questions in this paper and are primarily concerned with the possibility of the action of symmetry group on the elliptic genus Z Enriques .
We have shown that M 12 in fact acts on Z Enriques . We should note, however, that a symmetry group still larger than M 12 may possibly act on the elliptic genus. We have evidence that a maximal subgroup M 12 : 2 of M 24 (binary extension of M 12 ) acts on Z Enriques .
It was crucial for the existence of Enriques moonshine that all the multiplicities of real representations of M 24 are even integers in Mathieu moonshine. We have recently noticed that similar phenomena take place in the Umbral moonshine and thus it is quite likely that we can take one half of Jacobi forms of Umbral moonshine and construct a new moonshine series with reduced symmetry groups. This issue will be discussed in a forthcoming publication [7] .
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